Metrik a manuscript No.
(will be inserted by the editor)

Six families of efficient resolvable designs in
three replicates

R. A. Bailey !

School of Mathematical Sciences
Queen Mary, University of London
Mile End Road

London E1 4NS, U. K.

email: r.a.bailey@gmul.ac.uk

Received 77 / Revised version 77

Abstract A resohable incomplete-block designin three replicatesis ab-
stractly equivalent to a designfor three factors whosee ects are additive,
but the e ciency factors for the two designsare not the same.Six families
of known designsof the secondtype are usedto construct designsof the
rst type.

Mathematics Subject Classification (1991): 62K10, 05B05

Key words e ciency factor; mutual balance;rectangular lattice; resolv-
able design; squaredesign

1 Intro duction

Let 7 be a set of v treatments. We consider resolvable incomplete-block
designs A for 7 in r replicates of blocks of size k, where k divides v. Let
q=v/k.

The i-th replicate de nes a partition P; of 7 into ¢ equivalenceclasses
of size k. Each classis the set of treatments allocated to one block in the
i-th replicate. Bailey (1999) showed that properties of the resolvable design
can be obtained from properties of the family of » partitions.

For 1 <i,j < r, dene a matrix X;; whoserows are indexed by the
classef P; and whosecolumns are indexed by the classesof P;. The entry
of X;; in the row labelled by class G of P; and the column labelled by
classH of P; is |GN H|. Thus, for i # j, X;; is the incidence matrix of a
squareblock design A;; with ¢ blocks and treatments and block size k.

In the casethat r» = 2, Williams, Patterson and John (1976) showed
that A is optimal among resohable designsif and only if A, is optimal.
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In particular, if A;s is a square balanced incomplete-block design (BIBD)
then A is optimal among resohable designs.Examples can be seenin eadh
pair of replicatesin the designsin Tables3{4.

Whenr = 2and ¢ = k+ 1, the design A is optimal whenthe design A,
consistsof all k-subsetsof ¢. In this caseA is a simple rectangular lattice
design(Harshbarger, 1946).Rectangular lattice designsexist for somelarger
values of r with ¢ = k+ 1 and r < ¢: they all have the following two
properties.

Each A;;, for i 7 j, is a squareBIBD. Q)

When ¢, j and [ are all dierent, the partitions P;, P; and
' 2)
P, are mutually balanced.

The property of mutual balancewas introduced by Preece(1966a, 1966b),
and further explained by Preece(1976) and Bailey (1999). In the presence
of condition (1), it meansthat, when, j and [ are all di erent,

Xy XXy + XX X5 = il + i 3

for someintegers;;; and ¢;;, where I is the identity matrix and J is the
all-1 matrix.

The motivation for mutual balancecomesfrom consideration of designs
for responseson 7 when P;, P; and Py, represert xed e ects. That is, if
elemert ¢ of 7 isin classG of P;, classH of P; and classK of P}, then the
expected value of the responseY; on ¢ is given by

E(Y}) = A+ pm + vi. (4)

Preece(1966a,1966b)shovedthat, if A;;, A; and Aj;; areall squareBIBDs,
then the information matrix for the A-parametersin model (4) is completely
symmetric if and only if condition (3) is true.

It is not always true that an optimal resohable design for r replicates
remains optimal when one or more replicates are removed. For example,
Table 1 shows two designswith » = 3, v = 6 and k£ = 2. Here A, D and
E denote the harmonic mean, geometric mean and minimum, respectively,
of the canonical e ciency factors. Design I is a rectangular lattice, and is
optimal, but cannot be extendedto any of the optimal 4-replicate designs.
Design = is slightly worsethan I" but can be extendedto optimal 4- and
5-replicate designs.Nonetheless,= is not much inferior to I", and all the
cortractions I5; and =;; of both designsare optimal squaredesigns.

Theorem 2.2 of Cheng and Bailey (1991) shaws that rectangular lattice
designswith r = ¢ are optimal. It is not known whether rectangular lattice
designsare optimal for 2 < r < ¢. However, their e ciency factors are
known (Williams, 1977; Corsten, 1985; Bailey and Speed, 1986) and the
designsdo appearto be very e cien t. Moreover, Heiligers and Sinha (1995)
have shawn that, whenr = 3, ¢ = 7 and k£ = 3, then one of the two sets of
partitions satisfying conditions (1) and (2) givesa designwhich is optimal
for model (4) among designs satisfying condition (1). It therefore seems
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Table 1 Designs with v = 6 and k = 2 (blocks are columns)

Design I' Design =
1 3 5|1 2 3[4 1 2 1 3 5|1 2 3|1 2 4
2 4 6|6 4 56 3 5 2 4 6|6 4 5|3 6 5
efficiency factors: %, %, %, %, 1 efficiency factors: %, %, %, %, %

A =0.5556, D = 0.5743, E = 0.5000 A =0.5319, D = 0.5656, E = 0.3333

usefulto construct other resohable designssatisfying conditions (1) and (2)
for r = 3.

Four families of designsare constructed in Section 2. In Section 3, their
e ciency factors are calculated. Two further families are presered in Sec-
tion 4. In Section5, the designsare comparedwith ead other and with other
designsfrom the literature: all the new designsare highly e cien t, and three
of the families compare particularly well with other known designs.

2 Four families of designs

Agrawal (1966a,1966b)and Preece(1966a,1966b) gave seweral examplesof

setswith three partitions satisfying conditions (1) and (2). Agrawal's designs

were for rows, columns and treatments, while Preece'swere for blocks and

two non-interacting setsof treatments. Thus both authors tted model (4).
When condition (1) is satis ed, then

Xinji = al + ﬂJ,

where a = k(g — k)/(¢ — 1) = k*(L —¢), 8 = k(k —1)/(¢ — 1) = k’¢/q
and € = g(k — 1)/[(¢ — 1)k], which is the e ciency factor for A;;. Hence,
consideration of the relationship algebra (James, 1957) generated by the
three partitions on 7 shows that, whenewer ¢, j and [ are all dierent, the
values;;; and ¢;;; in Equation (3) are constarts ) and ¢ satisfying

b+ qp= 2k

seeBailey (1999). In what follows we assumethat ) # 0.

The calculationsin Preece(1966a)show that, whenconditions (1) and (2)
hold, then all contrasts for ead of the xed e ects in model (4) have e -
ciency factor &£, where

D

3

1-¢ (5)
Bailey, Preeceand Rowley (1995) showed that there are four in nite

families of setsof three partitions satisfying conditions (1) and (2) for values

of ¢ which are congruert to 3 modulo 4 and which are prime powers. We
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Table 2 Parameters of four families of sets of three partitions, where g is a prime
power congruent to 3 modulo 4

Family k P E
1 q 1 3g 1 q 3
2 4 qg 1
I qg 1 q+1 q2 6qg + 1
2 4 (@ D@ 3)
g+1 1 3¢ (¢ 3)(a+3)
111
2 1 (q+1)?
qg+1 qg+1 q 1
v 2 1 g+1

omit ¢ = 3, which gives a rectangular lattice. The four families have the
parametersshown in Table 2.

Let F' bethe nite eld oforder ¢, andlet S bethe setof non-zerosquares
in F, and N the set of non-squaresin F. Then |S| = |N| = (¢ —1)/2 and
F = SUNU{O} Let L and M be the F x F matrices with L(f,g) = 1
if g— feSand M(f,g) = 1if g— f € N and other ertries zero. Thus
L+ M+ I=J, because—1 is not a squarein F.

For Families| and I, put 7 = Sx F. For h in F, de ne the partition @
of 7 whoseclassesare the sets

{(s,f —hs) :s€ S}

indexed by fin F. Thusk = (¢ —1)/2. Put P, = Qo and P, = Q3. Then
X9 = L. Put P3 = Qp, Wwhereh is a xed elemen of F dierent from 0
and 1. If h € N and h —1 € S then Xy35 = X33 = L and the design
comesfrom Family I. For all other valuesof i, the matrices X5, X23 and
X3, consistof two Ls and one M or two Ms and one L, giving designsin
Family 11. Examples of designsfrom the two families are shawvn in Tables3
(for ¢ = 7) and 4 (for ¢ = 11). The good designidenti ed by Heiligers and
Sinha (1995) belongsto Family I.

For Families Il and IV, replace S by S U {0}, sothat & = (¢ + 1)/2,
and proceedas above. In Family 111 we have X5 = Xo3 = X3y = I+ L
while in Family IV the three incidence matrices X5, X23 and X3; consist
of two copiesof I + L and one of I + M or vice versa. Examples are shovn
in Tables3 and 4.

For a design A in any of the four families, the permutation 7, of 7 is
an automorphism of the design,where g isa xed elemen of F' and

g (8, f) — (s, f+ g) for sin S and f in F.
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Table 3 Designs for =7 and k=3 or k =4

Treatment array

columns are classes of Qo
0 1 2 3 5 6 Q1 (classes are columns)
lja b ¢ d e f g g a b ¢ d e f
2|h ¢ j kK I m n m n h ¢ j k 1
410 p q r s t wu r s t u o p q
0Olv w =z y z A Z v o w x Yy z A Z
Q2 (classes are columns) Q3 (classes are columns)
f g a b ¢ d e e f g a b ¢ d
k'l m n h & j i jJ k I m n h
u o p q r s t q r s t uwu o p
v o w x y z A Z v w x y z A Z
Family 1 11 111 v
Treatments First three rows of All four rows of
treatment array treatment array
k 3 3 4 4
P Qo Qo Qo Qo
P, Q1 Q1 Q1 Q1
P Q3 Q2 Qs Q2
multiplicity of 2 2 9 9
efficiency factor 1
other efficiency 0.7778 0.4154 0.5833 0.8552
factors with 0.8657 0.6289 0.8993  0.6950
multiplicity 6
0.3565 0.9557 0.5174 0.4499

Thus{m, : g € F'} isasemi-regulargroup of automorphismsof A, abstractly
isomorphic to the additiv e group of F. If ¢ is prime then this group is cyclic
and so A belongsto the class of a-designsintroduced by Patterson and
Williams (1976b).

3 Eciency factors

The design A has 3¢ blocks. Since 3¢ < kq = v, there are at least gq(k — 3)
e ciency factors equalto 1, and the remaining e ciency factors are those
of the dual design A° for 3¢ treatments in v blocks of size 3.

Order the 3¢ blocks by replicate and, within replicate, by the same
ordering on the index set F'. Then the concurrencematrix C for A%is equal
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Table 4 Designs for g =11 and k=5o0r k=6

Treatment array

columns are classes of Qo
01 23456 78910 Q1 (classes are columns)
lla b ¢ d e f g h i j k k ab c de f g hiy9j
3/l m n o p qgr s t u w t wov Il mn o p qgo1r s
41A BCDFEFGHTIJK HIJKABC CDEFQG
5\L M NOPQRSTUYV RSTUV L MNOPRQ
9la B v § ¢ ¢ n 6 ¢ Kk A v déd e ¢ n 6 v Kk Xalp
Olp v €& mpoTvodxd pvénmporTvox
Q2 (classes are columns) Q3 (classes are columns)
j k ab c de f g h i i jk a b c de f g h
q r st uwwvlmmnowp n opqr s tuov l m
D EFGHTIJKABUC KABCDEVFGHTIJ
M NOPQQRSTUVL STUV LMNOPOQQR
e ¢(n 6 v kXap -y n 6 ¢ kX a v 6 €
pov §&mp o T VO X Y pvéEmTp o TV XY
Family I I1 111 v
Treatments First three rows of All four rows of
treatment array treatment array
k 5 5 6 6
P Qo Qo Qo Qo
P, Q1 Q1 Q1 Q1
Ps Q2 Qs Q2 Qs
multiplicity of 24 24 35 35
efficiency factor 1
other efficiency 0.7333 0.4789 0.6111 0.8232
factors with 0.8248 0.6642 0.8540  0.6854
multiplicity 10
0.4418 0.8770 0.5349 0.4914
to
3
kI X192 X3
4 Xo1 kI Xo39.
X31 X32 kI

It is clearthat the e ciency factors for the two degreesof freedombetween
replicatesare both 1, soweneedto nd the eigervaluesof C on the spaceWW
consisting of vectors of the form [z> | ¥° | 2> where z, y and z are
contrast vectorsin RY'; herez” denotesthe transposeof x. For calculating
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on W, we may treat J aszeroin any of the nine ¢ x ¢ submatrices, so

2 3
2ol + 23 Xi13X32  X12Xos

(C — kI)Q =4 X23X31 200 + Zﬂj X21X13 )
X32Xo1 X31X39 2043{*' 28J

20[[ X13X32 X12X23
=4 Xo3X3, 20l X1 X139
X32X91 X31X12 200

and, therefore,

3
oI+ ¢J  BaXis+ BkJ 3aXis+ BkJ
(C—kI)® = 430X, + BkJ I+ ¢J BaXgg+ BkJO
3aX3 + OkJ 3aXs + BkJ I+ ¢J

= 30(C — kI) + ¢I.

Hence the eigenvalues of C — kI on W are the zeros zi, x2, x3 of the
polynomial
z3 — 3ax — 1. (6)

Thuszi + x9+ 23 = 0.

The eigervalues of C are 3k, O (with multiplicit y 2) and z; + k& with
multiplicit y n, say, where n; + ny + ng = 3(¢ — 1). Now 3¢k = traceC =
3k+ nixy+ noxo+ ngxsz+ 3(g—1)k, SOn a1+ noxs+ nzxsz = 0.If ny = ng then
(n1 —ng)xs = 0; sincexs cannot be zeroif ¥ # 0, we haven; = ny = ns. If
n1, ny and ng are all di erent then all the zerosof the polynomial (6) must
be integers; asthis doesnot happen for any of the designsdiscussedn this
paper, we can now assumethat ny = ny = n3 = ¢ — 1.

Each eigervalue = + k of C, other than 3k, givesa canonical e ciency
factor 1—(z+ k)/(3k) = z/(3k) of A°. Hencethe canonicale ciency factors
of A are 1, with multiplicit y q(k — 3) + 2, and z1/(3k), 22/(3k), z3/(3k),
wherethe z; are the zerosof

2% — 6kz? + 3(4k* — )z + (¢ + 6ak — 8k3) : (7)

theselast three eat have multiplicit y ¢ — 1.
Now, z12023 = 8k® — 6ak — 1, so the following relation holds for the
geometric mean D of the canonical e ciency factors:

212223 1 1 8k3 — 6ok — a1

gk 1 = =
p 27k3 27k3

(8)

Similarly, the following relation holds for the harmonic mean A of the canon-
ical e ciency factors:

1 1 1
q(k—3)+ 2+ 3k(g—1) —+ =+ =
Z1 Z9 z3

(¢k - 1A !

9%(q — 1)(4k% — )
8k3 — 6ak — ¢

qlk—3)+ 2+ C)]
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In Family |, polynomial (6) becomes

a3+ -1

. oo Ba—1)
4 4

= + 1 2 _
(e+1) —

whosezerosare —1 and (1 £+ 1/3¢) /2. Hencethe canonical e ciency factors
are

2q an 2q —3+/3q
3(¢—1) 3¢-1)
ead with multiplicit y ¢ — 1, and 1, with multiplicit y ¢(¢ — 7)/2 + 2.
In Family 11, polynomial (6) becomes

3¢+ 1 +1
o (Q4 )x+Q4 .

Put y = z/\/q+ 1 If = is a zero of the polynomial then

1

4y3 —3y: —7m

and soy = cosf wherecos3f = —1/,/q + 1. Hencethe canonical e ciency
factors are

2(q —1)—2\/q+ 1cosf
3(¢—-1) ’

where cos30 = —1//q + 1, each with multiplicit y ¢ — 1, and 1, with multi-
plicity q(¢ — 7)/2+ 2.

In Family 111 and Family 1V, ead matrix X;; is obtained by subtracting
the corresponding matrix for Family | or 11, respectively, from J. Therefore,
the values x in polynomial (6) are the negatives of those for Families |
and Il. Therefore, the canonical e ciency factors for Family III are

2q ang 24+ 3£V
3(¢+ 1) 3¢+ 1)

ead with multiplicit y ¢—1, and 1, with multiplicit y ¢(¢—5)/2+ 2. Similarly,
those for Family IV are

2(q+ 1)+ 2\/q+ 1cosh
3¢+ 1) ’

wherecos30 = —1/./q + 1, eadh with multiplicit y ¢ — 1, and 1, with multi-
plicity ¢(¢ — 5)/2+ 2.
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4 Tw o further families of designs

Cameron (1972) and Cameron and Seidel (1973) studied systemsof linked
squaredesignsfor ¢ treatments in blocks of size k. Although these systems
are not all realisableas partitions of a set of sizegk, their incidencematrices
satisfy condition (1) and the following strong form of condition (3):

Xinjl = ’YXil + 0J. (10)

Bailey (1999) showed that vk + d¢ = k2, 42 = a and § = k(k — 7)/q.
Condition (10) implies that

Xij XXy = v XXy + 0J Xy = y(ad + BJ) + dkJ,

S0 = 2ay and ¢ = 283 + 26k.

Rectangular lattice designssatisfy condition (10) with k= ¢—1,v= —1
and § = ¢— 1. Cameron(2003) gave two seriesof setsof partitions satisfying
conditions (1) and (10). They have ¢ = 4™ and k = 2?m 1 4 2m 1 for
positive integers m. For both series,a = 22™ 2 and sovy = £2™ !, But
q divides k(k — ~), so v must be negative when k = 2?m 1 _2m 1 gnd
positive when k = 22m 14+ 2m 1,

Thesefamilies are summarizedin Table 5. The two smallest designsin
Families V and VI can be derived from the tables in Preeceand Cameron
(1975).

Table 5 Parameters of three families of sets of three partitions satisfying condi-
tion (10): here RL denotes rectangular lattice

Family q k ¥ P E
q(g  3)
RL an, q 1 1 2 —_—
Y (@ D 2
B B 3 3 2m71(2m 3)
AV qm 22m 1 om 1 om 1 23m 2

2™ 1™t 1)
2m=1(2™ 4 3)

VI qm 22m—l 4 2m—l +2m—l +23m—2

@m+1)2m1+1)

When condition (10) is satsi ed,
(C —kD? = 2al + 4(C — kI)

on the spaceWV, so the eigenvaluesof C — kI on W are the zerosof the
polynomial 22 — vz — 2«, which is (z + v)(z — 2v). Let n; and ny be the
multiplicities of —y and 2y aseigenvaluesof C — k1. Then 0= —n v+ 2ngy
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and n; + no = 3(¢ — 1) and son; = 2(¢g — 1) and ny = ¢ — 1. The canonical
e ciency factors are equalto
2k + ~y 2(k — )
and ————=
3k 3k

with multiplicities 2(¢ — 1) and ¢ — 1 respectively, and 1, with multiplicit y
q(k —3)+ 2. Hence

20k + )2k —7)

27k3

Dqk 1

and

2 . 1
2k+~ 20k —~)

(¢k — 1A ' = q(k —3)+ 2+ 3k(¢ — 1)

Also, E = 2(k — ~)/(3k) if ~ is positive but £ = (2k + ~)/(3k) if ~ is
negative.
Thus, for Family V, the non-unit canonical e ciency factors are

2m+1 -3 2m+1

3z 2 3o

with multiplicities 2(22™ — 1) and 22™ — 1, while, for Family VI, they are

2m+1 +3 2m+1
—— and ———
3(2m + 1) 3(2m + 1)

with multiplicities 2(2?™ — 1) and 22™ — 1.
The two smallest designsare summarizedin Table 6.

Table 6 Summary of designs for ¢ = 16 and k =6 or k = 10

Family \% VI
k 6 10
multiplicity of efficiency factor 1 50 114

other efficiency factor with multiplicity 30 0.5555  0.7333
other efficiency factor with multiplicity 15 0.8888  0.5333

5 Discussion

Table 7 givesthe parameters of the nine smallest designsin the families
de ned in this paper, together with their A-, D- and E-measuresof overall
e ciency .
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Table 7 Comparison of designs

vk  design E P A D E triangles

21 3 I 0.6667 5 05975 0.6518 0.3565 252
II 0.3333 2 06199 0.6595 0.4154 126

C32 0.5975 0.6518 0.3565 252

PW 05967 0.6524 0.2814 210

28 4 III 0.6250 5 07190 0.7484 0.5174 630
I\Y 0.7500 2 0.7108 0.7459  0.4499 756

PW 0.7152  0.7473  0.4240 672

PWH 0.7190 0.7484 0.5174 630

55 5 I 0.8000 8 0.7459 0.7832 0.4418 2640
II 0.7000 3 0.7520 0.7850  0.4789 2310

PW 0.7440 0.7830 0.3176 2508

PWH 0.7530  0.7852  0.4550 2244

66 6 III 0.7778 8 0.7949 0.8218 0.5349 4620
I\Y 0.8333 3 0.7918 0.8209 0.4914 4950

PW 0.7924 0.8211  0.4047 4752

PWH 0.7942 0.8216  0.4922 4686

9% 6 \% 0.6667 16 0.7859 0.8153  0.5555 5760
PW 0.7712 0.8141 0.2467 6912

C32 design given by John, Wolock and David (1972)
PW designs given by Patterson and Williams (1976b)
PWH  designs given by Patterson, Williams and Hunter (1978)

5.1 Pairs of designs

For eath designin ead of the six families, the value £ is the value of A,
D and F for estimating P, P, or P; in model (4). Table 7 shows two
designsfor the rst four valuesof v and k. In every case,the designwith
the lower value of £ has higher valuesof A, D and E for the three-replicate
resohable design. In particular, the optimal designfound by Heiligers and
Sinha (1995) is not optimal as a resohable block design.At rst sight, this
seemssurprising, becauseit is the opposite of what happenswhen r» = 2.
However, Equation (5) shows that £ increaseswith 1, while Equations (9),
(8) and (7) show that A, D and E decreaseas ) increases.

This behaviour is alsolinked to Paterson's (1983) conjecture about tri-
anglesin the variety-concurrencegraph G of A (Patterson and Williams,
1976a).Trianglesin G are of two types. Somearise from setsof three treat-
ments in the sameblock. There are 3¢k(k — 1)(k — 2) sudh triangles. The
remaining triangles have one edgecortributed by ead replicate. The num-
ber of suc triangles is equal to 3trace( X2 X23X31 + X13X32X51) — 6¢k.
However, trace(X12X23 X351 + X13X32X01) = q(¢ + ¢) = (¢ — 1) + 2k3.
Hence& and the number of triangles increasetogether.
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Paterson's conjecture, which seemsmost likely to be true for designs
where all concurrencesare 0 or 1, is that optimal designsare to be found
amongthose whosegraphs have fewest triangles. Although noneof A, D, E
is monotonically related to the number of triangles acrossthe whole range
of designs,the relation doesseemto be monotonic at the top end. Thus the
apparert paradox is consistert with Paterson's conjecture.

5.2 Comparison with other designs

How do thesedesignscomparewith other designsin the literature? Clatwor-
thy (1973) givesno designswith these parameters, resohable or not. John,
Wolock and David (1972) give a cyclic design C32 for 21 treatments in
21 blocks of size3. It has A = 0.5975and can be shown to be isomorphicto
the poorer of the two new designsfor these parametersin Table 7; certainly
the other of those two designsis an improvemert on C32.

As shown in Section 2, when ¢ is prime the designsin this paper are a-
designs,soit is usefulto comparethem with good «-designsgiven elsewhere.
In the notation of Patterson, Williams and Hunter (1978), an «-designis
de ned by an r x k array o whoseerntries are integersmodulo ¢. Let B be
the permutation matrix of the ¢-cycle (12 ... q¢). If A is the designde ned
by o then X;; is a sum of powers of B, the indices being «;, — o, for p = 1,
..., k. Hencethe eigernvaluesof C are the eigervaluesof the r x r matrices
obtained by replacing B in C by the complex ¢-th roots of unity.

For ¢ = 7 and k = 3, Patterson and Williams (1976b) give

Q
1
[eoNeoNe]
o O
1N O

HenCEX12: I+ B Ly B 2, X13: I+ B+ B2 andX23: I+ Bg"' B4.
Table 7 shaws the valuesof A, D and E. This designis worsethan both the
Family | designand the Family Il design.

Patterson and Williams (1976b) also give designsfor the other four pairs
of valuesof v and k in Table 7. Their e ciency factors are summarizedin
Table 7. For ¢ = 7and k = 4, and for ¢ = 11 and k£ = 6, their design
is E-worsethan both the Family 111 designand the Family IV design, but
intermediate with regard to both A and D. Their designwith ¢ = 11 and
k = 5is worsein all respectsthan the designsfrom Families | and II.

Patterson, Williams and Hunter (1978) give a list of recommendeda-
designsfor k > 4. Their designfor ¢ = 7 and k = 4 has a-array

o O o
wrEF o
N O
g~ O
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which hasthe property that

{agp —anp:ip=1, ..., 4t ={azp —azp:p=1, ..., 4}
= {qu—Oégp:p: 17 ey 4}
= {0,1,2,4},

which is the set of squaresmodulo 7. Hencethis designis isomorphic to the
Family I11 design.

Their designsfor ¢ = 11, k = 5 and ¢ = 11, kK = 6 are summarized
in Table 7. The designwith &k = 5 is slightly better than the Family II
designwith respect to both A and D, but E-worse.The designwith &k = 6
is slightly worsethan the Family 111 designwith respectto both A and D,
and considerably E-worse.

Table 7 also comparestwo designswith ¢ = 16, £ = 6. The one from
Family V has no triangles of the secondtype. It is superior to the design
given by Patterson and Williams (1976b).

Overall, it appearsthat the designsfrom Families|l, Il andV are highly
e cien t, even though the exampleswith ¢ = 11, £ = 5 show that they may
not always be optimal.
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